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Phase Equilibria in Mixtures Containing 
Polystyrene and Nematic Liquid Crystals 
J. R. DORGAN and D. S. SOANE 
Depaflment of Chemical Engineering, University of California, Berkeley, Berkeley, CA 94720 U.S.A. 

(Received January 18, 1990) 

The phase behavior of two nematic liquid crystals in a polymer host is studied using the technique of 
Thermal Optical Analysis. Results are compared to the predictions of a recent molecular model due 
to Ballauff and found to give very good agreement for monodisperse polymers of sufficiently high 
molecular weight. Experimental findings include a widening of the two phase regime with increasing 
polymer chain length, exclusion of the polymer coils from the nematic phase and a sharp sensitivity of 
the phase behavior to the polydispersity of the polymer sample. All of these findings are in accord with 
the model and lend support to the general validity of the Flory-Ronca treatment of the anisotropic 
energetics responsible for thermotropic behavior. 

Key words: liquid crystal, phase behavior, statistical mechanics 

INTRODUCTION 

Many statistical theories of the nematic phase have been presented. Among the 
best known are those of Onsager,' Maier and Saupe,*v3 and Fl01-y.~ The Onsager 
treatment has proven successful in the description of rigid molecules of high aspect 
ratio which display lyotropic behavior while the Maier-Saupe treatment has found 
application to lower aspect ratio molecules displaying thermotropic behavior.s The 
extension of the original Flory lattice model to include anisotropic molecular forces 
by Flory and Ronca has created a theoretical framework which is particularly well 
suited for the description of mixtures containing nemat~gens.~. ' .~ 

This suitability arises from the factorization of the mixing partition function into 
combinatorial, orientational, and energetic terms. The combinatorial and orien- 
tation factors are arrived at through the usual probabilistic arguments involving 
the number of ways of arranging the substituents of the mixture on a lattice. Many 
such partition functions have been derived for a variety of mixtures including 
polydisperse rodlike particles and ternary systems consisting of solvent with either 
two rodlike components or one rodlike and one coillike c o m p ~ n e n t . ~ . ' ~ . ~ ~  These 
formulations have proven accurate in the description of athermal systems in which 
energetics play a secondary role to steric effects. l2 
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130 J. R. DORGAN AND D. S .  SOANE 

Recently, the Flory-Ronca treatment has been extended by Ballauff to binary 
mixtures of random polymer coils and nematogens. l3 These systems have potential 
for technological applications such as optical data storage media and display devices; 
the latter is particularly true for the droplet morphology shown in the photographs 
of Figure l.14 In the original work, comparison between theory and experiment 
was made only for polymers of relatively low molecular weight. In this study, we 
present a comparison of the theory with experimental data for a much larger range 
of polymer molecular weight using two nematic molecules. One of these, 4’-Pentyl- 
4-biphenyl-carbonitrile (5CB), is of considerable interest in display device appli- 
cations. 

EXPERIMENTAL 

Materials 

Polystyrene was obtained from Polysciences Inc. and was near monodisperse, (Mw/ 
MN < 1.05). 4-(4-ethoxybenzylidene)-4-butylaniline, (EBBA), obtained from Ald- 
rich Chemical Co. was recrystallized until no change in melting temperature was 
detected, (Tm = 40°C). 4’-Pentyl-4-biphenyl carbonitrile, (5CB), was obtained 
from Aldrich Chemical Co. and used as received. 

Sample Preparation 

Samples of varying composition were prepared by two separate methods. In each 
method, the material under study was weighed-out into clean sample vials. These 
vials were capped, sealed with paraffin film, and then heated to achieve miscibility. 
In the first method, this homogeneous mixture was removed immediately using a 
pipette and a small amount was placed on a microscope slide. A cover slide was 
then placed over the sample and sealed around its edges to the microscope slide 
using a quick-setting epoxy. The second method consisted of adding a minimum 
amount of 1,2-dichloroethane to the sample vial in order to form a room temper- 
ature stable homogeneous mixture. The solvent was selected for its volatility which 
allowed spin-coating of films onto cover slides. During this process the solvent 
flashed off leaving a thin-film two component mixture. The cover slide was again 
sealed to a microscope slide using a quick-setting epoxy. The advantage of the 
second method was its ability to produce uniform samples of well characterized 
thickness, (approximately 15 2 5 microns). After it had been determined that both 
procedures gave identical experimental results, method two was used exclusively. 

Apparatus 

Cloud point curves for the two systems were determined using the technique of 
Thermal Optical Analysis, (TOA). The experimental apparatus is depicted in Fig- 
ure 2. It consists of a polarizing microscope, (Nikon Optiphot-POL), equipped 
with a heating stage and photodiode, (Mettler FPSO system). An IBM PC-XT was 
used for data collection and storage. The experiment may be run in two comple- 
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POLYSTYRENE AND NEMATIC LIQUID CRYSTALS 131 

FIGURE 1A A mixture of EBBA and polystyrene in the two-phase region, viewed under linear 
polarization. The composition is 70% by weight of EBBA. 

FIGURE 1B 
polarization. The composition is 70% by weight of EBBA. 

A mixture of EBBA and polystyrene in the two-phase region, viewed under crossed 
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132 J. R. DORGAN AND D. S .  SOANE 

Photodiode 

FIGURE 2 Schematic of experimental apparatus for cloud point determination using the technique 
of thermal depolarization analysis. The microscope used was a Nikon Optiphot-POL, transmitted light 
intensity vs. temperature data could be stored on the PC disk drives for subsequent analysis. 

mentary configurations; with the polarizer and analyzer crossed or with them aligned. 
When the polarizers are crossed, the technique is also known as Thermal Depo- 
larization Analysis, (TDA).15 As the temperature is either raised or lowered the 
light intensity transmitted through the sample is monitored by the photodiode. A 
two-phase sample, such as that shown in Figure l A ,  scatters light much more 
strongly than a single phase. This causes a jump in the measured light intensity at 
the transition temperature when linear polarization is used. The cross-polarization 
configuration is particularly well suited for the systems studied. In an isotropic one- 
phase region, no light is transmitted and the photodiode reading is zero. If a nematic 
phase is present in the two-phase regime, light is transmitted through the crossed 
polarizers due to the birefringent nature of this phase. 

The use of this optical method offered a significant advantage over the use of 
Differential Scanning Calorimetry, (DSC), which was initially investigated as a 
means for determining the phase behavior. Most importantly, it allowed the use 
of samples in the form of thin films. This expedited the kinetics of the phase 
separation process and eliminated major spatial or temporal inhomogeneities. Also, 
the amount of heat involved in the nematic-isotropic transition is small compared 
to melting; the same was found to be true for the demixing process studied here. 
Hence, the transition between one-phase and two-phases as measured by DSC was 
less sharp than in the method used in this study. Other problems with DSC for the 
study of liquid crystal phase transitions are discussed elsewhere [8]. 
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POLYSTYRENE AND NEMATIC LIQUID CRYSTALS 133 

Procedure 

A sealed sample was placed in the microscope heating stage and heated to 100°C 
to achieve homogenization. The sample was then repeatedly heated and cooled 
over a temperature range near the clearing temperature of the pure nematogen 
while the light intensity was monitored. If the measured transition points upon 
heating and cooling agreed with each other, the point was taken as the equilibrium 
transition temperature. If these temperatures were different, slower heating and 
cooling rates were employed. For the two higher polymer molecular weights, by 
using a slow enough scan rate, agreement upon heating and cooling was always 
achieved. In the case of the lowest molecular weight, a slight discrepancy (less than 
2°C) persisted despite the use of the slowest available scan rate, (0.2"C/min). This 
was true for both nematic molecules used in this study. In this case, the transition 
temperature upon cooling, corresponding to the traditional cloud point, has been 
taken as the equilibrium temperature. Figure 3 shows typical results for a 5CB- 

SCWPS (Mw322a3) t 70130 

x 
d 

1.0 

0.8 

0.6 

0. 4 

0.2 

0.0 
10 20 30 40 SO 

TEMP CC) 
FIGURE 3 Typical experimental result. Normalized light intensity vs. temperature for a 70130: 5CB/ 
Polystyrene weight fraction sample. Arrows show the direction of temperature change. Two complete 
heating and cooling cycles are shown. The scan rate used was 0.2 Wmin. 
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134 J .  R. DORGAN AND D .  S. SOANE 

Polystyrene sample using the cross-polarization technique. For both systems stud- 
ied, the intensity jump occurred at the same temperature independent of whether 
linear or crossed polarization was used. 

Theoretical Background 

We present here only a sketch of the theoretical formulation along with expressions 
for the chemical potentials of each component. The reader desiring a more detailed 
account is referred to the original  reference^.^,^^.^^ The development of the theory 
proceeds along the lines of the aforementioned factorization of the partition func- 
tion. 

It is subdivided into a combinatorial, an orientational, and configurational part. 
The last is taken as constant. Thus, this treatment excludes the possibility of any 
ordering effect of the nematic phase on the polymer coils residing therein. 

The inclusion of anisotropic molecular dispersion forces is accomplished by in- 
troducing the mean energy of a rodlike segment, expressed as? 

cS = - (y) v, s (1 - 3 sin2+) 

For the entire system this energy is summed over all segment pairs. 

1 
2 EOrient = - - n, x,  v, s2 (3) 

In the above, T* is the characteristic temperature measuring the strength of the 
orientation dependent forces for a given nematic species.6 The order parameter, 
s, has its usual meaning; other quantities are defined in the Nomenclature column. 

In this treatment, dipole effects are ignored. These forces scale with the order 
parameter rather than the order parameter squared. They may be included by the 
introduction of a second characteristic temperature. However, only one of these 
characteristic parameters may be calculated from the procedure described below. 

Isotropic energetics may also be included in the form of a characteristic tem- 
perature for isotropic interaction. l7 

AH, = n,x ,  v, (7) - = n, x,  v, x (4) 

The connection between this second characteristic temperature and the familiar 
interaction parameter, x, is given by the above equality. The interaction parameter, 
x, is associated with the exchange energy of creating rodlike-coillike segment in- 
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POLYSTYRENE AND NEMATIC LIQUID CRYSTALS 135 

teractions while destroying rodlike-rodlike and coillike-coillike segment interac- 
tions. l8 Negative interaction parameters correspond to  exothermic heats of mixing, 
that is, favorable mixing. 

Formulation of the partition function in this manner gives the Helmholtz free 
energy and enables the derivation of the form of the distribution function, (see 
Appendix I). Subsequent differentiation with respect to species number gives the 
chemical potentials of the respective components. 

The correct form of these equations is, (compare Reference 16): 

- Infl ( 5 )  

x,  v: s 1 1  
v e  

AFLIRT = In - v: + v:%c(jj - 1) + v; (2.. - 1) 
x c  V c  Vr X r  

s2 x, v:2 

2 V t  0 Vr +-- (2 V, - 8’) + x x, v:* 

and 

Ap,IRT = In - V C  + vrG (1 - ;) + v, (?& - 1) 

+ x, V, (a - 6) + x, (vC - 1) In 

x c  V c  Vr 

In the above the prime represents quantities in an ordered phase, unprimed quan- 
tities represent those of an isotropic phase. 
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136 J .  R. DORGAN AND D. S. SOANE 

The order parameter, s, and disorientation index, y, are defined in terms of the 
family of integrals, fp. 

4 7 = - x ,  @) 
IT 

(9) 

where; 

3 x,  v, s 
x,  a sin 9 - - ( - ) sin2 9} d 9  

2 v e  fp = sinp 9 exp (11) 

The definition of the quantity, a, in the above is consistent with all previous work, 

1 a = - In 1 - 4 (1 - jj/x,) [ L r  

Numerical Calculations 

The characteristic temperature for anisotropic interactions, T * , is accessible via 
the solution of the identity, 

for a pure component at the nematic-isotropic transition temperature. Details of 
the calculation are given in Reference [13]. The needed molecular parameter along 
with the calculated values of T* appear in Table I. For 5CB, the nematic-isotropic 
transition temperature was measured in our laboratory using TOA. The aspect 
ratio was calculated from x-ray diffraction studies of a related compound. l9 The 
value arrived at compares favorably with the value, x,  = 3.1, found from the molar 
hard core volume and minor axis diameter of the compound. The thermal expansion 
coefficient was determined from the volumetric data of Reference [20]. For EBBA, 
the nematic-isotropic transition temperature was also measured in our laboratory. 
The needed equation of state data for this molecule was adopted from previous 
work. l3 

Temperature-Composition phase diagrams may be found through the solution 
for the rodlike component volume fractions from the equilibrium conditions, 
Ap,; = Ap+, for each species.13 Figure 4 shows the effect of molecular weight for 
a hypothetical system where the rodlike component aspect ratio is taken as 4.0 and 
the nematic-isotropic transition temperature is arbitrarily set to 100°C. For x, 2 
50, the nematogen rich phase approaches complete exclusion of the random coil. 
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POLYSTYRENE AND NEMATIC LIQUID CRYSTALS 

TABLE I 

Equation of state data for materials studied 

137 

xr = 3.7 Ti = 8OoC p (  80.C) = 0.9881 g/cm3 

a = 8.22 e -4 1 /K T' = 351.2K V' = 229.3 cm3 / mol. 

5CBf 4-Pene1-4-- 

x, = 3.3 Ti = 34.9OC p (  3 5 0 ~ )  = 0.~00g/cm3 

. .  

a = 1.00e-3 1/K T" = 371.4K v' = 200.7 cm3 / mol. 

This leads to a numerical difficulty for higher molecular weights as the nematic 
rich phase composition exceeds the number of repeating nines available as signif- 
icant digits in double precision FORTRAN. For the calculations involving this 
hypothetical system, this difficulty was overcome through the use of quadruple 
precision FORTRAN. 

Effect of Polymer Molecular Weight 

A .- 
C 
F 

F 
. 
Y 

1 .oo 

0.99 

0.98 

0.97 

0.96 
0.90 0.92 0.94 0.96 0.98 1 .oo 

Xc=l 

xc=5 

XC=50 

Segment Fraction 

FIGURE 4 Widening of the biphasic region with increasing coil molecular weight. For high enough 
values, the polymer is completely excluded from the nematic phase. The independent variable is the 
segment fraction of the nematic species, the temperature is reduced by the clearing temperature of the 
pure compound. The model reduces to a nematic in solution when the contour length of the coil is 
taken as unity. 
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138 J .  R. DORGAN AND D. S. SOANE 

Figure 5 shows the effects of the isotropic energetics term on the phase behavior. 
As expected, a negative interaction parameter narrows the biphasic regime while 
a positive value widens this region. The magnitude of cso used in these calculations 
corresponds to an interaction parameter with an absolute value of approximately 
0.11. Under these conditions there is no possibility of isotropic-isotropic demixing 
prior to isotropic-nematic demixing. 

Comparlson with Real Systems 

We turn now to the comparison of model predictions with the actual observed 
phase behavior. For the highest molecular weight system studied, Mw = 113,000, 
exact solution of the conditions for equilibrium was not possible. This was due to 
the demand for significant figures discussed above. The calculations were accord- 
ingly performed by setting the composition of the ordered phase to unity and solving 
one remaining equation for the isotropic phase composition. The application of 
this method to the next lower molecular weight system, Mw = 22,000, gave results 
that agreed with the exact solution using quadruple precision FORTRAN to six 
significant figures. Figure 6 shows the comparison of model predictions to measured 
cloud point curves for the lowest molecular weight polystyrene, (Mw = 4,000). 
This system displayed no experimental evidence of a nematic phase with a finite 
polymer concentration, only one transition was measured over the range of tem- 
peratures shown. These findings are in agreement with the model which predicts 
complete exclusion of the polymer coil for this molecular weight. Figures 7 and 8 
show the results for even higher molecular weights, (Mw = 22,000 and Mw = 
113,000). We see immediately that the agreement is excellent for these higher 

Nematogen-Polystyrene Phase Diagram 

T'ko = 0 h 

T'iso = 40 
T'iso I -40 

E ----- 
.-.-- 

0.4 0.6 0.8 1 .o 
Segment Fraction 

FIGURE 5 Phase diagram for nematogen and polymer coil demonstrating the effects of the interaction 
parameter. The axial ratio of the nematic species is taken as 4.0, its thermal expansion coefficient as 
8.Oe-4 1/K, and its nematic-isotropic transition temperature as 100°C. This results in a characteristic 
temperature of T* = 330.5 K. The properties of the polymer coil reflect those of polystyrene with 
Mw = 22,000. The ordinate has been reduced by the nematic-isotropic transition temperature of the 
pure component. The abscissa is the segment fraction of the nematic species. 
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* Caculated 
A Measured 

Segment Fraction 

EBBA-Polystyrene Phase Diagram 
( Mw = 4,000 ) 

. Calculated 
A Measured 

Segment Fraction 
FIGURE 6 Comparison of theory with experiment for two nematic molecules using no adjustable 
parameters. The temperature axis has been reduced by the pure component clearing temperature. The 
segment fraction of the nematic species is taken as the independent variable. 

molecular weight systems. This is particularly true for the 5CB system. It should 
be emphasized that the predictions shown in Figures 6-8 have been accomplished 
without any adjustable parameters. 

DISCUSSION 

The lattice model gives excellent results for high polymer molecular weights as 
expected. This is because as x, increases, the phase behavior becomes dominated 
by entropy effects. The agreement achieved is therefore validation of the lattice 
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140 J.  R. DORGAN AND D. S. SOANE 

CI - c c 
c 
. 
v 

h - c c 

5CB-Polystyrene Phase Diagram 
( MW = 22,000 ) 

1.00 

0.98 

0.96 - 
0.94 - 
0.92 ' , . I . , . -  

0.4 0.5 0.6 0.7 0.8 0.9 1.0 

- n b 

- 

Segment Fraction 

EBBA-Polystyrene Phase Diagram 
( MW = 22,000 ) 

. Calculated 
A Measured 

. Calculated 
A Measured 

0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Segment Fraction 
FIGURE 7 Comparison of theory with experiment for two nematic molecules using no adjustable 
parameters. The temperature axis has been reduced by the pure component clearing temperature. The 
segment fraction of the nematic species is taken as the independent variable. 

treatment in describing the entropic contributions to the free energy for polymers 
of sufficiently high molecular weight. 

For 5CB, the characteristic temperature of anisotropic interaction, T " ,  is much 
higher than that for EBBA. The ability of the model to accurately describe the 
phase behavior of the 5CB-polystyrene system using a zero valued interaction 
parameter should not be confused with truly athermal behavior. The latter implies 
that there are no energetic terms of significance and that the phase behavior is 
completely determined by entropy considerations. Such a view is inconsistent with 
the observed thermotropic behavior. It is a tradeoff between unfavorable entropy 
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POLYSTYRENE AND NEMATIC LIQUID CRYSTALS 141 

SCB-Polystyrene Phase Diagram 
( Mw = 113,000 ) 

Segment Fraction 

. Calculated 
A Measured 

EBBA-Polystyrene Phase Diagram 
( Mw = 113,000 ) 

1.02 1 I 

- Calculated 
- 1.00 

I- A Measured - 0.98 + 
0.96 

0.94 - 
0.92 

- .- 
C - 
Y - 

0.4 0.6 0.8 1 .o 
Segment Fraction 

FIGURE 8 Comparison of theory with experiment for two nematic molecules using no adjustable 
parameters. The temperature axis has been reduced by the pure component clearing temperature. The 
segment fraction of the nematic species is taken as the independent variable. 

contributions and favorable energetic contributions to the free energy which leads 
to the formation of an ordered phase at some critical temperature. The net result 
of forming very favorable rod-rod segment interactions at the expense of rod-coil 
segment interactions is a zero x. The system is exhibiting compensating effects. 
Clearly, this must be regarded as fortuitous. The interaction parameter includes 
an energetic contribution from forming favorable contacts between rodlike seg- 
ments. In the absence of rod-coil segment interactions, we would expect a positive 
interaction parameter or equivalently an endothermic heat of mixing. This is due 
to the fact that miscibility may be accomplished only through the destruction of 
the favorable energetics which stabilize the nematic phase. 
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142 J. R. DORGAN AND D. S. SOANE 

EBBA-Polystyrene Phase Diagram 
( MW = 2,000 TYso I 75 K ) 

l.02 c 
1.00 

0.98 - 
0.96 - 
0.94 - 
0.92 

- 

I . ,  

0.2 0.4 0.6 0.8 1 .o 

Calculated 

Segment Fraction 
FIGURE 9 Hypothetical phase diagram which displays the experimentally observed concavity in low 
molecular weight polymer systems. The molecular weight of the coil is taken as 2,000. A value of 75 K 
is assumed for the characteristic temperature of isotropic interaction. 

Examination of the comparison between theory and experiment for the lowest 
molecular weight polystyrene is less satisfactory. The theory fails to predict the 
correct shape of the two phase region. It should be noted that the cloud point 
results for the lowest molecular weight system are less accurate than for the other 
systems. The failure to achieve the same transition temperature upon heating and 
cooling most likely indicates fractionation of chains of varying molecular weight. 
This interpretation is supported by the findings of apreliminary study we conducted 
where a polydisperse sample of polystyrene of roughly Mw = 20,000 was used.*l 
It was not possible to achieve agreement between heating and cooling transition 
temperatures with this sample. While the low molecular weight polystyrene was 
stored under refrigeration in our laboratory, it was shipped at ambient conditions 
and may have undergone changes in its molecular weight distribution during this 
period. It is to be noted, however, that previous workers have reported on the 
EBBA and low molecular weight polystyrene system and they also found this type 
of concavity in the phase diagram.22 

Figure 9 shows a hypothetical calculation for EBBA and polystyrene. Here the 
molecular weight of the polystyrene is taken as Mw = 2,000 and a value of 75 K 
for the characteristic temperature of isotropic interaction is assumed. We see that 
the theory is capable of producing the observed shape of the experimentally de- 
termined phase diagram with these parameter values. While such a low value of 
the molecular weight of the polymer sample cannot be justified, the theory is 
capable of describing all of the observed phase behavior in a semi-quantitative 
manner. 

CONCLUSIONS 

The molecular model of Ballauff for a system of thermotropic rods and random 
polymer coils is rigorously tested against experimental data. It is found that the 
model predicts many of the salient features of these systems. These include a 
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widening of the two phase regime with increasing molecular weight, exclusion of 
the polymer coils from the nematic phase and a sharp sensitivity of the phase 
behavior to the polydispersity of the polymer sample. 

It is established that Thermal Depolarization Analysis provides an excellent 
method for studying phase behavior in mixtures containing nematic molecules. This 
method offers some significant advantages over the use of Differential Scanning 
Calorimetry. 

The theory overpredicts the effects of molecular weight for mixtures containing 
polymers of low molecular weight. Very good agreement between theory and 
experiment is found for mixtures containing polymers of sufficiently high molecular 
weight. In one system studied, (SCB-polystyrene), excellent predictions were made 
without the use of any adjustable parameters. This is a fortuitous result. The general 
description of these mixtures requires the use of one additional adjustable energetics 
parameter. The experimental findings on the second system studied (EBBA-poly- 
styrene) support this conclusion. 

The theory of Ballauffl3, 16, l7 based on the previous work of Floryl’ and Flory 
and Ronca6 is capable of describing all of the observed phase behavior in two 
systems experimentally studied. The quantitative agreement possible for polymers 
of sufficiently high molecular weight lends strong support both to the applicability 
of the lattice formulation of the entropy of mixing and to the validity of the Flory- 
Ronca treatment of the anisotropic energetics responsible for thermotropic be- 
havior. 
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Nomenclature: 

A 
EOrient 

f(*) 
H M  
k B  

n0 

n r  
R 

T 
Tni 
T* 
Gso 

V* 
v 

S 

- Helmholtz free energy 
- 

- distribution function. 
- enthalpy of mixing. 
- Boltzmann’s constant. 
- 

- number of coillike molecules. 
- number of rodlike molecules. 
- gas constant. 
- order parameter. 
- absolute temperature. 
- nematic-isotropic transition temperature. 
- 
- 

- molar hardcore volume. 
- 

orientational energy of the system as a whole. 

number of vacancies on the lattice. 

characteristic temperature of anisotropic interaction. 
characteristic temperature of isotropic interaction. 

reduced volume of the mixture. 
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E\V * 
P 
X 
P C  

Pr 
0 

reduced volume of the coillike component. 
reduced volume of the rodlike component. 
volume fraction of coillike component. 
volume fraction of rodlike component. 
contour length of the polymer chain. 
aspect ratio of rodlike component. 
Flory disorientation parameter. 
combinatoric partition function. 
configurational partition function. 
mixing partition function. 
orientational partition function. 
thermal expansion coefficient. 
variational operator. 
average energy of a segment at orientation q. 
angle between rod axis and preferred axis. 
density. 
interaction parameter. 
chemical potential of the coillike component. 
chemical potential of the rodlike component. 
reduced temperature, ( T I P ) .  

Appendix I: Derivation of the Distribution Function 

The free energy function proposed by Ballauff for a mixture of thermotropic rods 
and flexible polymer coils may be recast in the form of a functional. This allows 
use of the variational calculus to determine the form of the distribution function 
of the rods at equilibrium. The Helmholtz free energy is expressed as a double 
integral over the angular phase space and the total number of lattice elements. 

3 ( n  X ) Z  vr 
sin* + ---ssin**f(*) 

2 noO V 

The criterion for a minimum energy state is that the first variation of the functional 
is zero taking into account the restraint that the species present must be conserved. 
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Introducing the Lagrange multipliers, pi, we have: 

6 , = 6  - -  (G no dn 
P c  I, - 4 )  = 0 

The variation is calculated in a fashion analogous to finding a differential using the 
chain rule. The above integral is differentiated with respect to the independent 
variables, each partial derivative being multiplied by the variation of that variable. 
For simplicity, let us denote the above integrand as I;  the free energy is conveniently 
expressed as, 

The first variation may now be calculated. 

+ [(g) - pCcos*] 

Rearrangement gives, 

The variations which appear within the integrals are arbitrary. All three double 
integrals must vanish independently. The criterion of a vanishing first variation is 
therefore given by the three relations, 

As usual, the Lagrangian multipliers are associated with the chemical potentials. 
Application of the third relationship to the functional form given above yields, 

3 (n, x )2 V, 
(1 - jj/x,) sin 9 + -2- - s sin2 * 1 2 n , 8  V 
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Upon rearrangement, this gives: 

The arbitrary constant is removed upon normalization, the association of wy with 
sin was demonstrated by Flory and Ronca.6 The final form of the distribution 
function follows as: 

3 (nrxr)2 + -- 
2 no 0 

3 s sin2 
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